Second Series of Tests Introduction
This report contains a study of the feasibility of a new method for making precision measurements of audio frequency electric power. The study examines the limitations imposed by the nature of the measurement process itself as distinct from the additional uncertainties introduced by the departure from ideal characteristics of the actual hardware.
None of the currently used methods to measure low frequency ac power is an absolute method. As in the measurement of ac voltage and current some transfer device is used to relate the measurements to the corresponding dc units. The use of transfer devices is based on some assumptions regarding the relative response of the device to ac and dc quantities.
Generally an upper limit of the ac/dc error can be deduced from theoretical considerations.
The definition of (average) ac power is given by W =~-fl eidt, (1) where e = instantaneous voltage, i = instantaneous current , t = time, and T = some definite time interval, usually a period (or multiple thereof) of the fundamental frequency component.
Integration of equation (l) is performed within the measuring device, making use of mechanical or thermal inertia, by the first three of the following well-known methods of measuring electric power: (a) Electrodynamometer (b) Electrostatic (c) Electrothermic (thermoelement, calorimeter) (d) Hall effect
The Hall effect devices produce dc voltages proportional to the instantaneous product of e and i which are then usually averaged (integrated) by the readout system. In all the above methods a physical transducer is used to obtain a measure of the product of current and voltage. Their relative advantages and disadvantages derive mainly from the nature of that transducer. The method to be described in this report follows directly from the fundamental definition of ac power, equation (l) . Instead of carrying out the necessary integration with an analog system, instantaneous values of current and voltage are measured and the integration is performed by numerical (digital) methods. The integration is therby replaced by a summation: N ''k'iV (2) The problem is therefore twofold. The number of samples of instantaneous voltage and current and the method of summation must be chosen so that the value of the integral can be approached within a given tolerance.
Further, the measurement of current and voltage must be made with sufficient accuracy in a given time interval.
2.
Sampling Method
To reconstruct the waveform from sampled data the minimum sampling rate must be at least twice the frequency of the highest sinusoidal frequency component contained in the signal according to the sampling theorem .
Since instantaneous power varies at twice the frequency of the current and voltage, the sampling theorem would require a minimum sampling rate of four times the highest sinusoidal frequency component contained in the current and voltage waveforms. However, we are interested in "average power", and as shown below the minimum sampling rate is thereby reduced. It 
The trapezoidal rule has been shown to converge at least as fast as
7-
The last term of the summation represents the error of the approxi-
where b-a a<£<b and h = -zrF or sampling at random intervals the error term decreases at a rate proportional to -. It appears therefore that random sampling is not the right approach if high precision is desired.
For the special case of periodic functions, the trapezoidal rule is exact for the 2N periodic functions: 3 1, sin (x), cos (x),..., sin (W-l)x, cos (N-l)x, sin (Nx) Therefore, the integral representing the average power of sinusoidal current and voltage with phase angle
can be evaluated exactly with only three terms, (N=3), of the summation formula.
This can be verified by direct substitution. Theoretically, therefore, the number of samples per cycle need be only 2K+1, where K is the order of the highest harmonic present in the input signal. If harmonics up to the fourth are included at least 9 samples must be taken in each period.
If the input waveform is no longer a combination of harmonically related pure sinusoids, but includes small random fluctuations (noise), or if the sampling time is subject to small fluctuations (jitters), then a higher sampling rate is necessary. In practice, therefore, the minimum sampling rate is never sufficient. To ease implementation of binary arithmetic, the number of samples, N, has always been chosen as an integral power of 2 in this study. 3 .
Description of Measuring System
The system is capable of measuring rms current, or voltage, and average power with either a real load or phantom load connection. For purposes of discussion it can be divided into four main functional blocks as shown in fig. 3 .1. To preserve the accuracy of the overall system the closed loop gain-frequency characteristic of the amplifiers has to be constant within 50 ppm from dc to the upper frequency limit. This requires a loop gain of at least 80 db.
The preamplifiers can be built from commercially available operational amplifiers that satisfy these requirements.
Analog to Digital Converter (A/D)
The A/D subsystem samples the input signals at predetermined intervals and converts them to two 15 bit binary numbers.
Two configurations are possible.
(l) The signals are captured in two sample-and-hold amplifiers and then successively applied to the converter through an analog multiplexer, or (2) the sample-and-hold amplifiers feed two parallel converters.
The second scheme has the advantage of eliminating additional errors due to the multiplexer; on the other hand, it requires equality of the A/D's or suitable corrections. Specifications of commercially available units indicate that an overall short term accuracy of 0.01% can be maintained under favorable circumstances .
3-3 Digital Computation
This subsystem has the following functions: 1. Temporarily stores pairs of successive numbers from the output of the A/D converters.
2.
Forms the product of these numbers. 3 .
Adds the product to a total. Divides the total by the number of products added to obtain an average.
5.
Displays the average on an output device.
6.
Applies numerical corrections where necessary.
There are two general approaches to the problem of handling the digital data from the A/D converter (s) .
1.
A general purpose minicomputer can be used to store sets of data during the measurement, and to perform the computation after the measurement is completed.
2.
Special arithmetic hardware can be built to perform the necessary calculations in real time.
Method 1 is preferable during the development period, because it provides flexibility of operation and permits the introduction of diagnostic routines.
On the other hand, when the immediacy of results is of prime importance (e.g. certain control applications), method 2 is more appropriate. Minicomputer data manipulation is generally too slow in this case, and hard-wired integrated circuits are required to perform the arithmetic operations in between sampling periods.
The final result can be displayed on electro-optical readouts ,• or , if a minicomputer is used, on a printer.
3.^-

Timing and Control Circuits
The timing and control section is of vital importance to the correct performance of the whole system. The two main functions of the control circuit are: 1. to determine the proper sampling time, 2. to coordinate the various subsystems so that the signals and digital information are processed in the correct sequence.
Of these two functions the first is the more critical. The degree to which the result from the sampled data approximates the integral desired is directly dependent on the timing of the sampling interval. Although a certain amount of random fluctuation (jitter) of the precise time of the sampling command can be tolerated, any systematic error in the periodicity of the samples will produce a proportional error in the final result.
It is therefore very important to synchronize the timing pulses with the fundamental frequency to be measured. At low frequencies all the necessary samples for one reading can be obtained during a single cycle of the fundamental of the singal frequency.
For instance, with an input frequency of 60 Hz 512 samples can be taken per cycle ( fig. 3-3) . At higher frequencies, or when more samples are required, the measurement time has to be spread over several cycles.
The timing of the sampling period is related to the input signal frequency by means of a frequency divider and phase-lock circuitry. The sample command pulse enables the "hold" mode of sample-and-hold amplifiers and thereby starts the conversion. Delays to allow for settling time can be programmed independently or derived from the clock circuit of the A/D converter.
The time required to complete the analog-to-digital conversion will occupy the major portion of the period between samples. If calculations are performed by a minicomputer, enough additional time must be provided to transfer the results of the conversion into memory. A direct memory access (DMA) channel is useful for this purpose. If special hardware is used, computations can be carried out simultaneously with the conversion of the next set of sampled data.
In fact, with a pipeline type arithmetic operation computation can be spread over several sampling periods if necessary, provided a sufficient number of registers for storage of intermediate results are available. The additional delay in obtaining the final result will still be only a small fraction of the total measurement period.
h.
Mathematical Model of A/D Converter
In outlining the proposed system for measuring low frequency ac power a number of assumptions were made regarding accuracy and the number of samples required. Most of these assumptions were based on purely theoretical considerations.
In an actual system disturbances due to noise, sampling time fluctuation, round off due to finite number of digits, harmonics in the signal, etc., contribute to the overall error. Because some of these are interrelated, estimation of the overall uncertainty is difficult.
It seemed appropriate, therefore-, to simulate the system operation to determine its characteristics.
The design of a mathematical model of the A/D conversion process is fairly simple.
Into such a model the various error sources can be introduced by defining or specifying their bounds and using normalized random numbers to simulate perturbations. Separate calculations have to be performed for each set of conditions and at each sample point, but total computation time is relatively short.
U.l Computer Program
The object of the simulation is the determination of the error limits of the measurement process. That is, the calculation of the difference between the "exact" integral (eq. 1.), which represents the analog input, and the response of the sampled data system ( To obtain maximum resolution and to avoid cumulative rounding errors for the desired number of significant figures, the values of analog quantities are computed with "double precision." Each Y value then represents the analog voltage or current applied to the input of the A/D converter. The converter, however, has a finite resolution of lU bits (plus 1 sign bit).
The remainder of the calculations are therefore carried out in the integer mode by multiplying Y by 2 14 with appropriate rounding off by 1/2 bit. The number of bits retained in each subsequent step of the calculation closely parallels the real time calculations that would be performed by special hardware in an actual system following the A/D conversion. For convenience the final result was normalized and compared to the calculated "true value" of the integral.
The program has provisions for specifying the following parameters:
1.
The amplitudes and phases of the harmonics (up to Uth order) 2. The phase angle between the fundamentals 3.
The percentage "noise" The number of samples per cycle for the initial run and whether the number of samples in the succeeding run is twice or ten times as large 7.
The limit on the number of runs and/or the limit of error of the summation approximation 8.
Whether the error is to be expressed as percent of reading or percent of full scale 9. The percentage difference between the fundamental frequency and the appropriate submultiple of the sampling frequency (Sychronization error) 10 .
Ordered or random sample points.
5.
Results of Simulation
The performance of the hypothetical system of power measurement is shown in computer print-out "A" in the appendix.
For this calculation a basic set of parameters was chosen to correspond to a typical situation. There "Reference" Conditions are listed in Table 1 . Each parameter, one at a time, is then varied to test how the system behaves. The other parameters remain the same, except for the determination of timing error where the fundamental frequency is increased to 2000 Hz from 60 Hz in order to make the resulting changes more apparent. The computation is terminated for each set of conditions when the summation agrees with the integral within the specified tolerance (0.005$).
The maximum number of sample points was also limited when the tolerance could not be reached. The first four sets of data show the variation with phase angle. In each case no more than 32 sample points are required to reach an accuracy of 0.005 percent.
For the 80 degree point and the 89-999 degree point the error was calculated as percent of full scale.
The next set demonstrates that when using random sample intervals 8192 samples are not enough to assure even 1 percent accuracy.
The following three sets of data show that increasing the harmonic amplitudes from to 10 percent of the fundamental does not significantly affect the number of samples required.
In the next three sections the influence of noise in the input signals is demonstrated.
For a noise amplitude of 0.01 percent or less not more than 32 samples are necessary. If the noise\ is increased by an order of magnitude 102U samples are required to obtain the desired accuracy.
Although this is a considerable increase in the number of samples, it does indicate that the method can produce valid results even when the noise level is high.
Similarly, the next nine sets of data show that the accuracy is relatively insensitive to random timing errors (in the sampling time), but very sensitive to systematic timing errors.
The last five sets of tests show the effect of signal frequency on the number of samples required. For a "clean" signal results can be obtained with 1021+ samples even at 10,000 Hz.
Second Series of Tests
The results of the first series of tests suggested that 512 sample points would be a reasonable number. With this in mind, and considering that in practice an A/D converter has a limited throughput rate, the simulated mode of operation of the system was somewhat modified. To make efficient use of the A/D converter (s ) , it was decided to operate as close to the maximum throughput rate as practicable at all input frequencies.
The number of sample points per cycle was therefore made dependent on the fundamental component of input frequency as shown in Table 2 which assumes a throughput rate of about 50 kHz. The computer program was modified accordingly, and tests were run to determine the attainable accuracy under the specified conditions. The total number of sample points for each run was varied from 512 to 20U8. The results are shown in the computer print-out "B" (Appendix), and are also summarized in Tables 3 and k. Some rounding errors are evident (e.g. Table U , column h) which represent 1 in 2 1 . Disregarding these, there appear to be no trends in the calculated errors as function of frequency, phase angle, noise content, or random timing fluctuations.
This indicates that 512 samples per measurement are sufficient and that the system can tolerate reasonable amounts of noise and timing errors and remain within the 0.01% accuracy limit. Because of occasional rounding errors it is advisable to make more than one measurement. 
Conclusions
A system has "been described tnat will measure audio frequency power by computation from the numberical values of simultaneous samples of the instantaneous current and voltage. A mathematical model of the system has been investigated and has shown that the method is capable of an accuracy of 0.01 percent. If the maximum sampling rate is 50 kHz, 512 sampling points for each determination are adequate in most cases.
In the calculation quantizing errors arising from finite resolution of the A/D converters were taken into account, but non-linearities and offsets were not considered. The results therefore correspond to the best that can be obtained by this sampling method with the assumption of a 15 bit conversion resolution under conditions where the hardware does not contribute additional errors.
A reprint of a paper (previously published) 1 * describing the experimental verification of this method is included in the appendix. Measurement results show agreement with the NBS wattmeter generally within a ±0.02% error band for frequencies up to 5 kHz. Contributing to the expermintal uncertainty is the deviation from linearity of the A/D converters, the frequency response and voltage dependent offsets of the sample and hold circuitry.
Improvements in the operating characteristics of the hardware could reduce the overall uncertainty by perhaps 50 ppm. .004074
.0100 100.
2000.
• .UlUU 100.4 60.
.ri34017
.OlUO 100.$ oO.
.8.34017
.0100 luO.$ bO.
.8b4017
.OlUU luO.$ 60.
.bO4017
.0100 100.$ bO.
.634017
. .^7172
.2^6697
•dobti5b
• 2bbh3t>
•2bb83o
•^obBOb obhUb
• t_. 
(1)
•'o For sinusoidal quantities, T is chosen to be a multiple of the period of e or i, T = n/f (2) where n is a positive integer and / is the frequency of the sine wave. The present method is closely related to the fundamental formula ( 1 and current are measured simultaneously, and from sets of these measurements the average power is computed using digital methods. Because the number of measurements is necessarily finite, the integral of (1) For dc power, where e and i are constant, the summation will obviously lead to the correct result. For sinusoidal quantities, however, we i^ed to define conditions further.
In (2) the time over which the integration extends is related to the period of the voltage or current waveforms.
Similarly, the time taken for N samples must be such that the interval between samples is an integral fraction of the period, and all such intervals must be equal to one another. It can be shown that under these conditions, with at least 3 samples per cycle, the summation will theoretically be exact [1] The known value of the integral given by (1) and (2) was compared with the computed summation of (3).
The acceptable tolerance limit was set at 100 ppm and the presence of random noise with a peak value of 100 ppm was postulated. From this study, which is being published as a separate National Bureau of Standards (NBS) report, the following conclusions can be drawn. 1) Not more than 512 sample points are required.
2) A timing uncertainty of 50 ns is tolerable.
3) The percentage error due to systematic timing errors is proportional to the percentage deviation of the timing base period from the period of the input waveform. To investigate the performance of the system two types of measurements were made: 1) comparison with an electrodynamic wattmeter (Yokogawa APR-2) ; 2) comparison with a differential thermal voltage converter [4] .
The results of these measurements are summarized in 
